Anisotropic Asymptotics and High Energy Scattering by Aref'eva, I. Ya. & Volovich, I. V.
ar
X
iv
:h
ep
-th
/9
41
21
55
v1
  1
8 
D
ec
 1
99
4
SMI-15-94
Anisotropic Asymptotics
and
High Energy Scattering
I.Ya.Aref’eva
Steklov Mathematical Institute,
Vavilov st.42, GSP-1,117966, Moscow , Russia
and
I.V.Volovich
Steklov Mathematical Institute,
Vavilov st.42, GSP-1,117966, Moscow , Russia
Abstract
Recently E.Verlinde and H.Verlinde have suggested an effective two-dimensio-
nal theory describing the high-energy scattering in QCD. In this report we at-
tempt to clarify some issues of this suggestion. We consider anisotropic asymp-
totics of correlation functions for scalar and gauge theories in four dimensions.
Anisotropic asymptotics describe behaviour of correlation functions when some
components of coordinates are large as compare with others components. It is
occurred that (2+2) anisotropic asymptotics for 4-points functions are related
with the well known Regge regime of scattering amplitudes.
We study an expansion of correlation functions with respect to the rescaling
parameter λ over a part of variables (anisotropic λ-expansion). An effective
theory describing the anisotropic limit of free scalar field contains two 2 dim
conformal theories. One of them is a conformal theory in configuration space and
another one is a conformal theory in momentum space. In some special cases ,in
particular for the Wilson line correlators in gauge theories, the leading term of
the anisotropic expansion involves only one of the conformal theories and it can
be described by an effective theory with an action being a dimensional reduction
of the original action.
1
1 Introduction
Recently E.Verlinde and H.Verlinde [1] have suggested a new approach to high energy
scattering in QCD. They performed a rescaling of the longitudinal coordinates inside
the Yang-Mills action and reduced the full theory to a two-dimensional sigma-model
in the transversal subspace. Moreover they have assumed a special ansatz for the
truncated action which was engaged to reproduce the log s dependence of the high
energy of amplitudes in QCD.
Several papers there appeared in which the approach of [1] have been discussed
[2]-[6]. Quantum corrections to the longitudinal dynamics in the Verlindes’ approach
have been considered in [2] A nonperturbative approach to the Regge regime in QCD
based on an anisotropic lattice gauge theory has been suggested in [3].
The necessity of non-perturbative study of QCD in the Regge regime of large en-
ergies
√
s → ∞ and fixed momentum transfers q (q2 = −t), |q| ∼ 1Gev has been
emphasized by Nachtmann [7]. Let us recall that problems of nonperturbative inves-
tigations of QCD have been discussed for many years. Some hopes were laied on an
analogy between four-dimension Yang-Mills theory and two-dimensional chiral field
[8, 9]. There is a well known conjecture that the long-distance dynamics of gauge the-
ories in the confining phase is described in terms of two-dimensional conformal field
theory [10, 11]. In the recent years Lipatov [12] has made suggestions on a relation-
ship between QCD at high energies and a two-dimensional field theory (see also [13]
for further developments). This approach is based on the solution of the unitarity
condition. Recently Faddeev and Korchemsky [14] have found that the Lipatov two
dimensional effective theory is completely integrable and they have studied it by using
of a generalized Bethe ansatz.
The Verlindes’ approach is based on elegant rescaling arguments but there are some
questions which deserves a further study. In particular, it is not enough clear why one
should use an ansatz [1] which fixes log s expansion and which makes contact with the
usual perturbative answer and reggeization. Also there are questions about ultraviolet
and infrared divergences. Some aspects of these problems have been discussed in [1]-
[3]
In this talk we discuss some of these questions. We will show that the rescaling
arguments can be understand by using the notion of anisotropic asymptotics. Let us
explain what we mean by the anisotropic asymptotics. If xµ are space-time coordinates,
one denotes xµ = (yα, zi), where α = 0, 1, i = 2, 3 for 2+2 decomposition and α = 0,
i = 1, 2, 3 for 1+3 decomposition. We are interested in the evaluation of asymptotics
of correlation functions for a field Φj(λy, z),
< Φj1(λy1, z1)Φj2(λy2, z2)...Φjn(λyn, zn) > (1.1)
when λ → 0 (or λ → ∞), i.e. when some of variables are much larger than others.
If one rescales all the variables then one deals with the usual short or large distance
behaviour of the theory. These isotropic asymptotics are given by the factors defined
by ultraviolet or infrared dimensions of the corresponding Green function multiplied on
corresponding anomalous dimensions defined by the standard renormalization group
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approach [17, 18]. The leading terms of the anisotropic asymptotics can be expected
to be given by anisotropic dimension analysis and be related with anisotropic operator
product expansion (AOPE)
Φi1(λy1, z1)Φi2(λy2, z2) ∼
λ→0
∑
Cn1n2i1i2 (y1, y2, λ)On1n2(y1, z1, z2) (1.2)
Matveev, Muradyan and Tavkhelidze [19] have used a generalized dimensional
analysis to derive an automodel behaviour of differentional cross-sections for hadrons-
hadrons reactions.
Our approach to anisotropic asymptotics was stimulated by recent consideration of
stochastic limit in QFT [21] where in fact the (1+3) anisotropic asymptotics has been
considered, i.e. an asymptotic behaviour of quantum field Φ(λt, x) after time rescaling
was evaluated.
There is an analogy between the anisotropic (1, d − 1) λ rescaling and the high
temperature limit of lattice gauge theory [22].
The anisotropic rescaling gives generally a more complicated effective action as
compare with isotopic rescaling since after making a change of variables in the func-
tional integral one gets an anisotropic action with the small parameter λ in front of
some terms with derivatives. However some simplifications take place for the case of
massless gauge theory. An essential difference between scalar and vectors theories is
due to that in the latter case the anisotropic rescaling acts different on different com-
ponents and just in the zero order on rescaling parameter we get a nontrivial action.
In this case one deals in some sense with a dimensional reduction. However the naive
rescaling arguments do not always work because we are working with distributions. In
particular, the naive derivation of the effective action cannot be used even for the free
scalar field.
As we will see the anisotropic asymptotics corresponding to the (2+2) decomposi-
tion of 4-point correlation function is related with behaviour of scattering amplitudes
in the Regge regime (s large, t is fixed). In the standard study of the Regge regime in
QFT [15, 16] one first expands the functional integral in the perturbation series with
respect to the coupling constant and then calculates the limit s → ∞ for t fixed for
each diagram and finally sum up the leading terms. It is rather remarkable that in the
perturbation theory the leading terms exhibit the following structure
A(s, t) ∼
s→∞, t fixed
∑
g4n(ln s)nIn(t) (1.3)
where In(t) can be represented by two-dimensional Feynman diagrams in the transver-
sal space (z−space). This representation takes place for all theories and it is interesting
to understand an origin of such representation without doing an examination of individ-
ual diagrams. We would like to emphasize that we are going to perform an expansion
with respect to λ in the functional integral, i.e. this approach is a non-perturbative
one. After the evaluation the leading term with respect to λ one can try to take into
account next terms in the λ-expansion. So it seems that the λ-expansion looks like
a systematic method similar to the semiclassical expansion or to the renormalization
3
group approach. Apparently it should exist a renormalization group approach corre-
sponding to the anisotropic rescaling and the corresponding Callan-Symanzik equations
could give, in particular, the Regge form of the amplitude (see [20]).
2 Asymptotics of correlation functions for scalar
theories
2.1 Isotropic asymptotics of correlation functions
It is well known that asymptotics of perturbative connected correlations functions in a
local field theory for small coordinates are governed by the ultraviolet dimension dimn,k
of the corresponding diagram
< φ(λx1)φ(λx2) ... φ(λxn) >
(k) ∼
λ→0
(λ)−dimn,kG(k)(x1, x2, ...xn). (2.1)
Here k means the k-order of the perturbative theory.
The asymptotics (2.1) follows from the dimensional analysis. Indeed, considering
for definiteness the case of selfinteracting scalar field φ in d-dimensional space-time
< φ(λx1)φ(λx2) ... φ(λxn) >=
∫
φ(λx1)...φ(λxn) exp{i
∫
ddx[
1
2
(∂φ)2 − m
2
2
φ2 − V (φ)]}dφ (2.2)
and performing the change of variables
φ(λx) = (λ)
2−d
2 φ˜(x) (2.3)
in the path integral and also the change of variables x→ λx in the action one gets
< φ(λx1)...φ(λxn) >= (λ)
n 2−d
2
∫
φ˜(x1)...φ˜(xn)·
exp{i
∫
ddx[
1
2
(∂φ˜)2 − λ2m
2
2
φ˜2 − λdV (λ 2−d2 φ˜)]}dφ˜. (2.4)
To get the ultraviolet asymptotic, i.e. λ → 0 one can neglect the mass term and
we see that the ultraviolet behaviour is given by the UV index of the corresponding
diagram.
In particular, for d = 4, V (φ) = gφ4 (2.4) gives
< φ(λx1)...φ(λxn) > ∼
λ→0
(λ)−n < φ(x1)...φ(xn) >m=0 (2.5)
Ultraviolet divergences do not destroy this formal estimation at least for renormal-
izable theories and (2.1) takes place after suitable renormalizations. In this case using
the renormalization group equations one can get the logarithmic corrections to the
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formula (2.1). Let us assume that we are working in the BPHZ subtraction scheme
with a subtraction point µ then from the dimensional analysis it follows
G˜ren({pi
λ
}, g, µ) = (1
λ
)dimn,kG˜ren({pi}, g, λµ), (2.6)
Here G˜ren is the Fourier transformation of the renormalized Green function Gren and
asymptotics for small x are related with asymptotics of G˜ren for large momenta,
< φ(λx1)φ(λx2) ... φ(λxn) >ren,µ=
(λ)−d(n−1)
∫
ei
∑
pixiδd(
∑
pi)G˜ren({pi
λ
}, g, µ)∏dpi. (2.7)
In the l.h.s. of (2.6) one has now the renormalized Green functions but with the
subtraction point different from the initial one. To restore the subtraction point one can
use the renormalization group invariance and compensate the shift of the subtraction
point by the change of the coupling constant and the renormalization of the wave
function
G˜ren({pi}, g, λµ) = ξ(µ
λ
)−k/2G˜ren({pi}, g(µ
λ
), µ) (2.8)
here ξ is anomalous dimension. One finally gets the following well-known formula for
the Fourier transformation of the correlation functions
G˜ren({pi
λ
}, g, µ) = ξ(µ
λ
)−k/2(
1
λ
)dimk,nG˜ren({pi}, g(µ
λ
), µ) (2.9)
2.2 (2+2)-anisotropic asymptotics for scalar theories
Let us study the behaviour of correlation functions when only some components of
coordinates in a preferable frame are supposed to be large or small. One of the most
important examples corresponds to the (2+2)-decomposition and it describes the case
when all longitudinal components in the central mass frame are assumed much smaller
then transersal ones. Let xµ be coordinates in the 4-dimensional Minkowski space-
time and denote xµ = (yα, zi), α = 0, 1, i = 2, 3. The 2+2 anisotropic asymptotics of
Green functions of scalar selfinteracting theory describes the behaviour of the following
correlation functions
Gn({λyi, zi}) =< φ(λy1, z1)φ(λy2, z2)...φ(λyn, zn) > (2.10)
for λ→ 0.
For the scalar self interacting theory the correlation function (2.10) in the Euclidean
regime is given by
< φ(λy1, z1)φ(λy2, z2)...φ(λyn, zn) >=
∫
φ(λy1, z1)φ(λy2, z2)...φ(λyn, zn)·
exp{−
∫
d4x[
1
2
(∂αφ)
2 +
1
2
(∂iφ)
2 + V (φ)]}dφ. (2.11)
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Performing in (2.11) the rescaling
φ(λy, z) = φ˜(y, z) (2.12)
and the change of variables in the action y → λy one gets
Gn({λyi, zi}) =
∫
φ˜(y1, z1)φ˜(y2, z2)...φ˜(yn, zn)·
exp{−
∫
d4x[
1
2
(∂αφ˜)
2 +
1
2
λ2(∂iφ˜)
2 + λ2V (φ˜])}dφ˜. (2.13)
The anisotropic Green functions G4({λyAα, zAi}), A = 1, 2, ...n with small longitudinal
coordinates are related with the Green function with large longitudinal components of
momenta Gn({ p˜Aαλ , pAi})
Gn({ p˜Aα
λ
, pAi} =
∫ n∏
A=1
dxAe
i
∑
A
p˜Aα
λ
yAα+pAizAiGn({yAα, zAi} =
(λ)n
∫ n∏
A=1
dy′AαdzAie
i
∑
A
p˜AαyAα+pAizAiGn({λy′Aα, zAi} (2.14)
Therefore 1PI Green functions with large longitudinal components in momentum space
can be expressed in terms of Green functions with rescaled longitudinal components
GIP I({pα
λ
, pi}) = 1
λ2
GIP ILλ ({pα, pi}) (2.15)
calculated in the theory with the Lagrangian
Lλ = 1
2
(∂αφ˜)
2 +
λ2
2
(∂iφ˜)
2 + λ2V (φ˜) (2.16)
The extra term 1/λ2 in (2.15) comes from δ-function describing the momentum con-
servation.
Now we consider the asymptotics of the Green functions for the theory with the
action (2.16) when λ→ 0. Let us start with the free action.
2.2.1 Free Propagator
Consider the action
Iλ =
∫
d4x[
1
2
(∂αφ)
2 +
1
2
λ2(∂iφ)
2] (2.17)
One could think that an effective action for λ = 0 is just
I =
∫
d4x
1
2
(∂αφ)
2
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However we will easily see that in fact the effective action contains another term which
can be interpreted as a conformal theory in momentum space. The free propagator for
the action (2.17) has the form
Gλ(y, z) ≡ 1
(2π)4
∫
eikx
k2α + λ
2k2i
dk =
1
(2π)2
1
λ2y2 + z2
(2.18)
and is related with the standard propagator as
Gλ(y, z) = G(λy, z) (2.19)
Let us examine the limit of (2.18) for λ→ 0 in the sense of theory of distributions,
i.e. consider the asymptotic behaviour of the integral
(Gλ, f) =
1
(2π)2
∫
d2yd2z
f(y, z)
λ2y2 + z2
(2.20)
when λ → 0. Here f(y, z) is a test function . We cannot simply remove λ2 from
denominator since the integral over y-variables diverges at z = 0. One subtracts this
divergence. One has
(2π)2(Gλ, f) =
∫
d2y
∫
|z|≤1
d2z
f(y, z)− f(y, 0)
λ2y2 + z2
+
∫
d2y
∫
|z|>1
d2z
f(y, z)
λ2y2 + z2
+
∫
d2y
∫
|z|≤1
d2z
f(y, 0)
λ2y2 + z2
(2.21)
One takes λ = 0 in the two first integrals and the answer can be regarded as a regu-
larized version of 1/z2. The third integral can be calculated explicitly. One gets
G(λy, z) =
1
4π
δ(2)(z) ln
1
λ2y2
+
1
4π2
1
z2
+ o(1) (2.22)
Here
1
z2
≡ Reg 1
z2
,
(
1
z2
, f) =
∫
d2y
∫
|z|≤1
d2z
f(y, z)− f(y, 0)
z2
+
∫
d2y
∫
|z|>1
d2z
f(y, z)
z2
(2.23)
One can interprete the formula (2.22) by saying that one has two 2 dim conformal
field theories here. The first one corresponds to the first term in (2.22) and it is
the standard conformal theory but only living in 4 dim space that gives the factor
δ(2)(z). And one can interprete the second term in (2.22) as the propagator for another
conformal theory but living now in momentum space, i.e. we interprete z-coordinates
as momenta.
For the Fourier transformation one has
G˜λ(kα, ki) =
1
k2α + λ
2k2i
= πδ(2)(kα) ln
1
λ2k2i
+
1
(kα)2
++o(1), (2.24)
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α = 1, 2, i = 3, 4. Here 1
(kα)2
= Reg 1
(kα)2
is understood in the sense of equation (2.23).
Integrating the R.H.S. of (2.24) over kα and ki by using the relations [23]
∫
eipy
d2p
p2
= π ln
1
y2
− 2πC0, C0 =
∫ 1
0
1− J0(u)
u
du−
∫ ∞
1
J0(u)du
u
, (2.25)
π
∫
eikz ln
1
k2
d2k =
(2π)2
z2
+ (2π)3C0δ(z) (2.26)
where J0 is the Bessel function, we get the R.H.S. of (2.22).
For the massive case one has
G˜λ,m(kα, ki) =
1
k2α + λ
2k2i + λ
2m2
= πδ(2)(kα) ln
1
λ2(k2i +m
2)
+
1
k2α
+ o(1), (2.27)
2.2.2 Free generating functional
Let us consider a generating functional for free Green functions for large longitudinal
momenta,
Z(Jλ) =
∫
exp{
∫
d4x[
1
2
(∂φ)2 + Jλ(x)φ(x)}dφ. (2.28)
We suppose that the source Jλ(x) has the Fourier transformation Jλ(pα, pi) = J1(λkα, ki)
which nonvanish only for |pα| ≤ |pi|, α = 0, 1 and i = 2, 3. One has
Z(Jλ) = exp{ i
2
∫
d4kJλ(k)
1
k2
Jλ(−k)} = exp{ i
2
∫
d4kJ1(λkα, ki)
1
k2
J1(λkα, ki)}
(2.29)
Performing a change of variables λkα = k
′
α one can represent the generating functional
as
Z(Jλ) = exp{ i
2
∫
d4kJ1(k)
1
k2α + λ
2k2i
J1(−k)} (2.30)
The behaviour of Z(Jλ) for λ→ 0 is given by
exp{ i
2
∫
d4kJ1(k)(
1
(kα)2
+ πδ(2)(kα) ln
1
λ2k2i
+ o(1))J1(−k)}
. The contribution of the term with δ(2)-function dissapears due to the assumption
about the support of the current J1(k) and we can say that the effective action pro-
ducing this generating functional is simply given by
I =
∫
d4x
1
2
(∂αφ)
2 (2.31)
Let us stress that one gets the effective action ( 2.31) only under the above assumptions
on the support of the source J1(k).
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Figure 1: Lines Γ0 and Γ1
2.2.3 Long lines free generating functional
Let us consider a non-local 2-lines correlation function,
GΓ1Γ2 =
∫
Γ1
∫
Γ2
G(x)dΓ1dΓ2, (2.32)
which is obtained by an integration of the usual 2-point Green function along some
lines Γ1 and Γ2. For example, for the lines Γ0 and Γ1 which correspondes respectively
to y1 = 0, zi = 0 and y0 = y00, zi = zi0 (see fig.1) one has
GΓ0Γ1(zi0) =
∫
dy0
∫
dy1G(y0, y1, zi0) (2.33)
We assume an infrared regularization so that the integration in (2.33) is performed from
−L to L. We are interested in infrared asymptotics of this correlator when L → ∞.
Performing the following change of variables
yα = Ly
′
α (2.34)
we get
GΓ0Γ1(zi0) = L
2
∫ 1
−1
dy′0
∫ 1
−1
dy′1G(Ly
′
0, Ly
′
1, zi0) =
∫ 1
−1
dy′0
∫ 1
−1
dy′1G(y
′
0, y
′
1,
zi0
L
) (2.35)
Therefore the infrared asymptotics of (2.33) is given by the following formula
GΓ0Γ1(zi0) =
∫ 1
−1
dy′0
∫ 1
−1
dy′1[
1
4π2
1
y′2
+
1
4π
δ(2)(y′) ln
CL2
z2
+ o(1)] =
1
4π
ln
CL2
z2
+ const. (2.36)
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Figure 2: 4-point diagram
The Fourier transformation of the leading term of this asymptotics is given accord-
ing to (2.25) and (2.26) by
G˜Γ0Γ1(ki) =
∫
d2z eikiziGΓ0Γ1(zi0) = (2.37)
(
(2π)
4π
lnCL2 + 8π2C0)δ
2(ki) +
4π
k2i
This correlator for ki 6= 0 can be regarded as correlator of 2d effective theory with a
simple effective action
S =
∫
d2z(∂iφ(z))
2 (2.38)
3 Anisotropic Asymptotics and Regge Regime
Let us show that (2+2) anisotropic asymptotics for 4-points functions are related with
the Regge regime (s >> t) of the scattering amplitudes.
Consider the 4-point 1PI Green function G˜(k1, k2, k3, k4) on the mass-shell, k
2
i = m
2.
One can choose a coordinate frame so that momenta of particles are k1 = p1 + q/2,
k2 = p2 − q/2, k3 = p2 + q/2 and k4 = p1 − q/2 (see fig.2) with p1, p2 and q given by
p1 = (
1
2
√
s,
1
2
√−u, 0, 0), (3.1)
p2 = (
1
2
√
s,−1
2
√−u, 0, 0) (3.2)
q = (0, 0, qi), qi = (q2, q3), (3.3)
s, t and u are the Mandelstam variables and s+ u+ t = 4m2.
The regime s >> t corresponds to
s =
s˜
λ2
with s˜, t fixed and λ→ 0.
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Figure 3: 4-point tree diagram for scalar theory
Since in this regime u also can be represent as u = u˜
λ2
with u˜ fixed, the longitudinal
vectors p1 and p2 have the asymptotic form
p1 =
p˜1
λ
, p2 =
p˜2
λ
, with p˜1, p˜2 fixed and λ→ 0
Therefore in the chosen coordinate frame the regime with s = s˜
λ2
, λ → 0 and s˜ and t
fixed is described by the 1PI 4-point Green functionG4((
p˜1
λ
, q
2
), ( p˜2
λ
,− q
2
), ( p˜2
λ
, q
2
), ( p˜1
λ
,− q
2
))
with large longitudinal coordinates in the momentum space.
3.1 4-point tree diagramm
Let us consider the diagram in fig.3 Assume that the c.m. coordinate frame is chosen
as in fig.2 with momenta (3.1)-(3.2). In this frame the 1PI 4-point Green function
G4((
p˜1
λ
, q
2
), ( p˜2
λ
,− q
2
), ( p˜2
λ
, q
2
), ( p˜1
λ
,− q
2
)) corresponding to the tree diagram (fig.2) accord-
ing to (2.15) is equal 1
q2
i
, i.e. we get the answer which can be described by the effective
action (2.38) which is the effective action for the special non-local correlators (2.33).
Assuming that the lines Γ1 and Γ2 go along two light-cone lines Γ+ and Γ− we get an
interpretation of GΓ+Γ− as a scattering amplitude of two ultrarelativistic particles.
3.2 4-point one-loop
Now we are going to consider loop corrections. The high-energy asymptotics of 1-loop
diagram is well known [15]
G1PIbox (s, t) ∼
s→∞, t fixed
g4
1
2s
[ln s− iπ]J(q) (3.4)
where
J(q) =
1
2
?
∫
d2ki
1
k2i +m
2
· 1
(ki − qi)2 +m2 (3.5)
One can see immediately that the same answer describes the asymptotic behaviour
for λ → 0 of the 1-box diagramm corresponding to the rescaled action (2.16). Indeed
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the asymptotics of the integral
G1PIbox (
p˜1α
λ
,
p˜2α
λ
, q) =
λ6g4
2
∫
dk+dk−d
2ki[k+k− − λ2k2i − λ2m2 + iǫ]−1
[k+k− − λ2(ki − qi)2 − λ2m2 + iǫ]−1[k−(k+ −
√
2s˜)− λ2(ki − qi/2)2 − λ2m2 + iǫ]−1
[k+(k− +
√
2s˜)− λ2(ki − qi/2)2 − λ2m2 + iǫ]−1 (3.6)
s˜ = (p˜1α + p˜2α)
2, is
G1PIbox (
p˜1α
λ
,
p˜2α
λ
, q) ∼
λ→0
g4
α2
2s
[ln s/α2 − iπ]J(q). (3.7)
Note that (3.7) takes place only for massive theory. The asymptotics of box diagram
with massless internal lines and massive external line is
G1PIbox (
p˜1α
λ
,
p˜2α
λ
, q) ∼
λ→0
iπ2g4λ2
s˜t
(ln
m4λ2
s˜t
)2 (3.8)
that is in the agreement with exact answer for the massless box diagram [24].
4 Anisotropic asymptotics for gauge theories
Let us now consider the anisotropic asymptotics of correlation functions for the gauge
theory
Gn({λyj, zj}) =< Aµ1(λy1, z1)...Aµn(λyn, zn) > for λ→ 0. (4.1)
< ... > means the average
< Aµ1(λy1, z1)...Aµn(λyn, zn) >= (4.2)
∫
Aµ1(λy1, z1)...Aµn(λyn, zn) exp i
∫
d4x{ tr [F 2µν +
1
2β
(∂µAµ)] + c¯Mc}dAdc¯dc,
where Fµν is the field strength, Fµν = ∂µAν − ∂νAµ + [Aµ, Aν ] , Aµ = Aaµτa, g is the
coupling constant and τa are the generators of the Lie algebra of the gauge group
G = SU(N), M = ∂µDµ, Dµ = ∂µ + Aµ. Let us note that the r.h.s. of (4.2) has a
rather formal meaning. One has to assume some regularization procedure and moreover
the functional integral being understood in the perturbation theory can be used to
calculate correlation functions only for short distances. Let us ignore for a moment
these subtleties and perform an estimation of the asymptotics of r.h.s. of (4.2) by using
the anisotropic dimensional analysis. Performing the change of variables
Aα(λy, z) =
1
λ
A˜α(y, z), Ai(λy, z) = A˜i(y, z) (4.3)
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in the path integral (4.2) and also the change of variables in the integral over y-space we
see that the correlation functions (4.1) can be computed with the rescaled Yang-Mills
action, i.e.
< Aµ1(λy1, z1)...Aµn(λyn, zn) >= (
1
λ
)n < Aµ1(y1, z1)...Aµn(yn, zn) >Sλ , (4.4)
< Aµ1(y1, z1)...Aµn(yn, zn) >Sλ=∫
Aµ1(y1, z1)...Aµn(yn, zn) exp{iSλ} dA, (4.5)
where µkj = 0, 1 for j = 1, ...m and µkj = 2, 3 for j = m+ 1, ...n and
Sλ =
1
4λ2g2
∫
d4x tr (FαβF
αβ) +
1
2g2
∫
d4x tr (FαjF
αj) +
λ2
4g2
∫
d4x tr (FijF
ij) (4.6)
+gauge fixing terms
The action (4.6) has the form of Verlinde’s [1] rescaled action. Let us discuss the
limit λ → 0. Note that the rescaling (4.3) for the Wilson loop operator W (Γl) =
P exp
∫
Γl
Aαdx
α for loops belonging to the longitudinal plane gives the relation
< W (Γ1l )W (Γ
2
l ) >=< W (Γ
′1
l )W (Γ
′2
l ) >S′ (4.7)
where Γ′i is the rescaled loop. In particular for the infinite long lines Γ+, Γ−, one gets
at the formal level the relation
< W (Γ+)W (Γ−) >=< W (Γ+)W (Γ−) >S′ . (4.8)
Now one can try to consider the parameter λ like a parameter in the quassiclassical
expansion. To make sense to such an expansion one has to use a regularization. A more
suitable regularization is the lattice regularization. Since we intend to study the theory
in the region of small longitudinal coordinates and large transversal coordinates and
we want to take into account fluctuations in different direction with an approximately
equal precision it is relevant to assume that the lattice spacing in the longitudinal
and transversal directions are different so that there are equal number of points in the
different directions (see fig 4) [3]. If the number of points in different directions is the
same, i.e. n0 = n1 = ...nD−1 then we get a theory in an asymmetric space-time volume
L0L1...Ld−1, Li is a typical size in the i-direction, with lattice spacing a0, a1, ...aD−1,
such that L0/L1 = a0/a1, ..., L0/LD = a0/aD, .
A general form of the lattice action on an asymmetric lattice with lattice spacing
a0, a1, ..., aD−1 in 0,1,...D-1-directions has the form
S =
1
4g2
a0a1...aD−1
∑
x,µ,ν
1
(aµaν)2
tr (U(✷µ,ν)− 1), (4.9)
Here x are points of the 4-dimensional lattice, ✷µ,ν is a single plaquette attached to
the links (x, x + µ) and (x, x + ν), U(✷µ,ν) = Ux,µUx+µ,νU
+
x+ν,µU
+
x,ν and link variables
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Ux,µ are associated with the link between the lattice sites x and x+ µˆ. Ux,µ belongs to
a representation of the gauge group SU(N).
Since we are interested in the case when L0 = L1, L2 = L3 and L1/L3 → 0 we put
in (4.9) a0 = a1, a2 = a3 and a0 = λa3, so we get
S =
1
4λ2g2
∑
x
∑
α,β
tr (U(✷α,β)− 1) + 1
4g2
∑
x
∑
α,i
tr (U(✷α,i)− 1) (4.10)
+
λ2
4g2
∑
x
∑
i,j
tr (U(✷i,j)− 1).
Here α and β are unit vectors in the longitudinal direction and i, j are unit vectors
in the transversal direction. We also denote the points of 4-dimensional lattice as
x = (y, z), where y and z are the points of two two-dimensional lattices, say, y-lattice
(longitudinal) and z-lattice (transversal). Performing the λ → 0 limit in the lattice
action (4.9) we get
Str =
1
4g2
∑
x
∑
α,i
tr (U(✷α,i)− 1), (4.11)
with Ux,α being a subject of the relation
U(✷α,β) = 1. (4.12)
Therefore Ux,α is a zero-curvature lattice gauge field
Ux,α = VxV
+
x+α. (4.13)
Substituting (4.13) in (4.11) we get
Str =
1
4g2
∑
x
∑
α,i
tr ( V +x+αUx+α,iVx+α+iV
+
x+iU
+
x,iVx − 1). (4.14)
or
Str =
1
4g2
∑
x
∑
α,i
tr ( U˜x+α,iU˜x,i − 1) (4.15)
where
U˜x = V
+
x+iU
+
x,iVx. (4.16)
The action (4.15) is ultra-local in the transverse z-direction and it is the lattice chiral
field action in the longitudinal y-direction. In the formal continuum limit a0 → 0 we
get
Strc,l =
1
4g2
∫
dy0dy1
∑
z,i,α
tr [ ∂αU˜z,i(y)∂αU˜
+
z,i(y)] (4.17)
with summation over the repeating indices α = 0, 1 and U˜z,i(y) = V
+
z+i(y)U
+
z,i(y)Vz(y).
To get its pure continuous version one has also to make in (4.17) and (4.16) a formal
limit at → 0 under the assumption Ux,i = exp(atAi)
Strc,c =
1
4g2
∫
dy0dy1d2zi
∑
α,i
tr [ ∂αA˜i∂αA˜i] (4.18)
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L1
L2
= a1
a2
Figure 4: Asymmetric lattice
where
A˜i = V
+DiV, Di = ∂i + Ai, (4.19)
Therefore in the formal limit at → 0 the action (4.17) reproduces the Verlinde and
Verlinde truncated action. However non-perturbatively there is an essential difference
in the behaviour of two theories (4.18) and (4.17).
The lattice version of (4.8) for the zero curvature longitudinal gauge fields is simply
reduced to the boundary values of the field Vz(y)
V+(L, 0, z) = Vz(−L, 0)V +z (L, 0), V−(0, L, z) = Vz(0,−L)V +z (0, L). (4.20)
and the expectation value of these string operators is given by
< V+(L, 0, 0)V−(0, L, z) >= (4.21)∫
V0(−L, 0)V +0 (L, 0)Vz(0,−L)V +z (0, L) expStr(V, U)dV dU
with Str(V, U) as in (4.15). In the continuum limit in the longitudinal direction we use
Str given by (4.17). Our goal consists in calculation the functional integral (4.21) over
gauge fields U to get an effective action describing an interaction of fields Vz(0,±L)
Vz(±L, 0). The action (4.15) is the action for two-dimensional lattice non-linear σ-
model in finite volume. Transversal dynamics arises from boundary effects for two-
dimensional (longitudinal) non-linear σ-model. Therefore to get an effective action
describing the transversal dynamics we have to calculate the Schrodinger functional
for two-dimensional non-linear σ-model [10]. An exact solution of this problem is
unknown. An approximate effective action is obtained in [3] under the assumption
that the σ-model has massive excitations.
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